△-convergence for mixed-type total asymptotically nonexpansive mappings in hyperbolic spaces by Li-Li Wan
Wan Journal of Inequalities and Applications 2013, 2013:553
http://www.journalofinequalitiesandapplications.com/content/2013/1/553
RESEARCH Open Access
-convergence for mixed-type total





School of Science, Southwest




In this paper, we prove some -convergence theorems in a hyperbolic space.
A mixed Agarwal-O’Regan-Sahu type iterative scheme for approximating a common
ﬁxed point of total asymptotically nonexpansive mappings is constructed. Our results
extend some results in the literature.
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1 Introduction and preliminaries
In this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [].
Concretely, (X,d,W ) is called a hyperbolic space if (X,d) is a metric space and W : X ×
X × [, ]→ X is a function satisfying
(I) ∀x, y, z ∈ X , ∀λ ∈ [, ], d(z,W (x, y,λ))≤ ( – λ)d(z,x) + λd(z, y);
(II) ∀x, y ∈ X , ∀λ,λ ∈ [, ], d(W (x, y,λ),W (x, y,λ)) = |λ – λ| · d(x, y);
(III) ∀x, y ∈ X , ∀λ ∈ [, ],W (x, y,λ) =W (y,x, ( – λ));
(IV) ∀x, y, z,w ∈ X , ∀λ ∈ [, ], d(W (x, z,λ),W (y,w,λ))≤ ( – λ)d(x, y) + λd(z,w).
If a space satisﬁes only (I), it coincides with the convex metric space introduced by Taka-
hashi []. The concept of hyperbolic spaces in [] is more restrictive than the hyperbolic
type introduced by Goebel [] since (I)-(III) together are equivalent to (X,d,W ) being a
space of hyperbolic type in []. But it is slightly more general than the hyperbolic space
deﬁned in Reich [] (see []). This class of metric spaces in [] covers all normed linear
spaces, R-trees in the sense of Tits, the Hilbert ball with the hyperbolic metric (see []),
Cartesian products of Hilbert balls, Hadamardmanifolds (see [, ]) andCAT() spaces in
the sense of Gromov (see []). A thorough discussion of hyperbolic spaces and a detailed
treatment of examples can be found in [] (see also [–]).
A hyperbolic space is uniformly convex [] if for u,x, y ∈ X, r >  and  ∈ (, ], there









≤ ( – δ)r,
provided that d(x,u)≤ r, d(y,u)≤ r and d(x, y)≥ r.
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Amap η : (,∞)× (, ]→ (, ] is calledmodulus of uniform convexity if δ = η(r, ) for
given r > . Besides, η ismonotone if it decreases with r (for a ﬁxed ), that is,
η(r, )≤ η(r, ), ∀r ≥ r > .
A subsetC of a hyperbolic spaceX is convex ifW (x, y,λ) ∈ C for all x, y ∈ C and λ ∈ [, ].
Let (X,d) be a metric space, and let C be a nonempty subset of X. Recall that T : C → C
is said to be a ({νn}, {μn}, ζ )-total asymptotically nonexpansive mapping if there exist non-
negative sequences {νn}, {μn} with νn → , μn →  and a strictly increasing continuous




)≤ d(x, y) + νnζ (d(x, y)) +μn, ∀n≥ ,x, y ∈ C. ()
It is well known that each nonexpansive mapping is an asymptotically nonexpansive map-
ping and each asymptotically nonexpansive mapping is a ({νn}, {μn}, ζ )-total asymptoti-
cally nonexpansive mapping.




)≤ Ld(x, y), ∀n≥ ,x, y ∈ C.
The following iteration process is a translation of themixedAgarwal-O’Regan-Sahu type
iterative scheme introduced in [] from Banach spaces to hyperbolic spaces. The iteration
rate of convergence is similar to the Picard iteration process and faster than other ﬁxed





xn+ =W (Sn xn,Tn yn,αn), n≥ ,
yn =W (Snxn,Tn xn,βn),
()
where C is a nonempty closed and convex subset of a complete uniformly convex hyper-
bolic space X with monotone modulus of uniform convexity η. Ti : C → C, i = , , is a
uniformly Li-Lipschitzian and ({ν(i)n }, {μ(i)n }, ζ (i))-total asymptotically nonexpansive map-
ping, and Si : C → C, i = , , is a uniformly L˜i-Lipschitzian and ({˜ν(i)n }, {μ˜(i)n }, ζ˜ (i))-total





n <∞,∑∞n= μ(i)n <∞,∑∞n= ν˜(i)n <∞,∑∞n= μ˜(i)n <∞, i = , ;
() There exists a constantM >  such that ζ (i)(r)≤Mr, ζ˜ (i)(r)≤Mr, ∀r ≥ , i = , .
Remark  Without loss of generality, we can assume that Ti : C → C and Si : C → C, i =
, , both are uniformly L-Lipschitzian and ({νn}, {μn}, ζ )-total asymptotically nonexpan-
sive mappings satisfying conditions () and (). In fact, letting νn = max{ν(i)n , ν˜(i)n , i = , },
μn = max{μ(i)n , μ˜(i)n , i = , }, L = max{Li, L˜i, i = , } and ζ = max{ζ (i), ζ˜ (i), i = , }, then Si
and Ti, i = , , are the required mappings.
Chang [] proved some strong convergence theorems and -convergence theorems
for approximating a common ﬁxed point of total asymptotically nonexpansive mappings
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in a CAT() space using the mixed Agarwal-O’Regan-Sahu type iterative scheme. More
precisely, one of the results is as follows.
Theorem  [] Let C be a bounded closed and convex subset of a complete CAT()
space X. Let Ti : C → C and Si : C → C, i = , , be uniformly L-Lipschitzian and
({νn}, {μn}, ζ )-total asymptotically nonexpansive mappings. If F :=⋂i= F(Ti) ∩ F(Si) 
= ∅
and the following conditions are satisﬁed:
(i)
∑∞
n= νn <∞ and
∑∞
n= μn <∞;
(ii) there exist constants a,b ∈ (, ) with  < b( – a)≤  such that {αn} ⊂ [a,b];
(iii) there exists a constant M >  such that ζ (r)≤Mr, r ≥ ;
(iv) d(x,Tiy)≤ d(Six,Tiy) for all x, y ∈ C and i = , ,
then the sequence {xn} deﬁned by () -converges to a common ﬁxed point of Ti and Si,
i = , .
Theorem  can be viewed as a improvement and extension of several well-known results
in Banach spaces and CAT() spaces, such as [] and []. Our purpose of this paper is to
extendTheorem  from theCAT() spaces setting to the general setup of uniformly convex
hyperbolic spaces.








The asymptotic radius r({xn}) of {xn} is given by
r
({xn}) = inf{r(x, {xn}) : x ∈ X}.
The asymptotic radius rC({xn}) of {xn} with respect to C ⊂ X is given by
rC
({xn}) = inf{r(x, {xn}) : x ∈ C}.
The asymptotic center A({xn}) of {xn} is the set
A
({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.
The asymptotic center AC({xn}) of {xn} with respect to C ⊂ X is the set
AC
({xn}) = {x ∈ C : r(x, {xn}) = rC({xn})}.
Recall that a sequence {xn} in X is said to-converge to x ∈ X if x is the unique asymptotic
center of {un} for every subsequence {un} of {xn}. In this case, we call x the-limit of {xn}.
The following lemmas are important in our paper.
Lemma  [, ] Let (X,d,W ) be a complete uniformly convex hyperbolic space with
monotone modulus of uniform convexity, and let C be a nonempty closed convex subset
of X. Then every bounded sequence {xn} in X has a unique asymptotic center with respect
to C.
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Lemma  [] Let (X,d,W ) be a uniformly convex hyperbolic space withmonotonemodu-
lus of uniform convexity η. Let x ∈ X and {αn} be a sequence in [a,b] for some a,b ∈ (, ). If
{xn} and {yn} are sequences in X such that lim supn→∞ d(xn,x)≤ c, lim supn→∞ d(yn,x)≤ c
and limn→∞ d(W (xn, yn,αn),x) = c for some c≥ , then
lim
n→∞d(xn, yn) = .
Lemma  [] Let C be a nonempty closed convex subset of a uniformly convex hyperbolic
space, and let {xn} be a bounded sequence in C such that A({xn}) = {y} and r({xn}) = ρ . If
{ym} is another sequence in C such that limm→∞ r(ym, {xn}) = ρ , then limm→∞ ym = y.
Lemma  [] Let {an}, {bn} and {cn} be sequences of nonnegative numbers such that
an+ ≤ ( + bn)an + cn, ∀n≥ .
If
∑∞
n= bn <∞ and
∑∞
n= cn <∞, then limn→∞ an exists.
2 Main results
In this section, we prove our main theorems.
Theorem  Let C be a nonempty closed and convex subset of a complete uniformly con-
vex hyperbolic space X with monotone modulus of uniform convexity η. Let Ti : C → C
and Si : C → C, i = , , be uniformly L-Lipschitzian and ({νn}, {μn}, ζ )-total asymptoti-
cally nonexpansive mappings. If F :=⋂i= F(Ti) ∩ F(Si) 




n= νn <∞ and
∑∞
n= μn <∞;
(ii) there exist constants a,b ∈ (, ) such that {αn} ⊂ [a,b];
(iii) there exists a constant M >  such that ζ (r)≤Mr, r ≥ ;
(iv) d(x,Tiy)≤ d(Six,Tiy) for all x, y ∈ C and i = , ,
then the sequence {xn} deﬁned by () -converges to a common ﬁxed point of Ti and Si,
i = , .
Proof We divide our proof into three steps.
Step . In the sequel, we shall show that for each p ∈F ,
lim
n→∞d(xn,p) and limn→∞d(xn,F ) exist. ()






































≤ ( + νnM)d(xn,p) +μn ()



































≤ ( – αn)
{




( + νnM)d(yn,p) +μn
}
. ()
Combining () and (), one has
d(xn+,p)≤ ( + σn)d(xn,p) + ξn, ∀n≥  and p ∈F , ()
and
d(xn+,F )≤ ( + σn)d(xn,F ) + ξn, ∀n≥ , ()








Consequently, a combination of (), (), () and Lemma  shows that () is proved.
Step . We claim that
lim
n→∞d(xn,Tixn) =  and limn→∞d(xn,Sixn) = , i = , . ()
In fact, it follows from () that limn→∞ d(xn,p) exists for each given p ∈ F . Without loss
of generality, we assume that
lim
n→∞d(xn,p) = c≥ . ()
By () and (), one has
lim inf
n→∞ d(yn,p)≤ lim supn→∞ d(yn,p)≤ limn→∞
{
































≤ ( + νnM)d(xn,p) +μn, ∀n≥ ,
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it follows from (), () and () that
lim
n→∞d(xn, yn) = . ()




)≤ d(xn,Tn yn) + d(Tn yn,Tn xn)
≤ d(xn,Tn yn) + d(xn, yn) + νnζ (d(xn, yn)) +μn
≤ d(xn,Tn yn) + ( + νnM)d(xn, yn) +μn →  as n→ ∞. ()
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) ≤ d(Sn xn,Tn yn) + d(Tn yn,Tn xn)
≤ d(Sn xn,Tn yn) + Ld(yn,xn)→  as n→ ∞. ()





















)→  as n→ ∞. ()
Now by (), () and (), for each i = , , one gets



















)→  as n→ ∞. ()









≤ d(xn,Tni xn) + d(Sni xn,Tni xn)→  as n→ ∞. ()
Therefore, () is proved.
Step . Now we are in a position to prove the -convergence of {xn}. Since {xn} is
bounded, by Lemma , it has a unique asymptotic center AC({xn}) = {x∗}. Let {un} be any
subsequence of {xn} with AC({un}) = {u}, then by () and (), for each i = , , we have
lim
n→∞d(un,Tiun) =  and d(un,Siun) = . ()









+ · · · + d(Tun,un)




+μn + Ld(Tun,un) + · · · + d(Tun,un).











∣∣r(zm, {un}) – r(u, {un})∣∣→  asm→ ∞.
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 u = u.
Hence, u ∈ F(T). Using the same method, we can prove that u ∈F . By the uniqueness of
asymptotic centers, we get that x∗ = u. It implies that x∗ is the unique asymptotic center
of {un} for each subsequence {un} of {xn}, that is, {xn} -converges to x∗ ∈ F . The proof
is completed. 
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